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Abstract
It’s shown that the rotating dilaton-axion black hole solution can be ob-
tained from GGHS static charged dilaton black hole solution via Newman-
Janis method.
PACS number(s): 02.30.Dk,04.20.Cv
The low energy limit of the heterotic string theory gives an interesting general-
ization of Einstein-Maxwell theory - the Einstein-Maxwell-dilaton - axion grav-
ity.The field equations of the Einstein-Maxwell-dilaton-axion gravity in four di-
mensions can be obtained from the following action [1],[2]
A = − 1
16pi
∫
d4x
√−g
(
R− 2∂µϕ∂µϕ− 1
2
e4ϕ∂µΘ∂
µΘ+ e−2ϕFµµF
µν +ΘFµνF˜
µν
)
(1)
Here R is the Ricci scalar with respect to the space-time metric gµν(with a sig-
nature (+,−,−,−)), ϕ is the dilaton field, Fµν = (dA)µν and F˜µν are corre-
spondingly the Maxwell tensor and its dual, the pseudo scalar Θ is related to the
Kalb-Ramond field Hµνσ through the relation
Hµνσ =
1
2
e4ϕεµνσρ∂ρΘ.
In last decade the string black holes attract much attention.The static spher-
ically symmetric charged dilaton black hole was obtained by Gibbons [3] and
independently by Garfinkle,Horowitz and Strominger [4].Using the string target
space duality rotation Sen found the rotating dilaton-axion black hole solution
generating it from Kerr solution [5].
It’s well-known that Kerr and Kerr-Newman solution in Einstein theory can be
generated correspondingly from Schwarzschild and Reissner-Nordsrom solution
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via Newman-Janis method [6],[7]. It’s natural to ask whether Sen’s rotating
dilaton-axion solution can be obtained via Newman-Janis method from GGHS
dilaton black hole solution.
The purpose of the present note is to show that the rotating dilaton-axion
black hole solution can be ”derived” from static spherically symmetric dilaton
black hole solution via Newman-Janis procedure.
Here we will not discuss the Newman-Janis algorithm in details.We refer the
reader to the recent papers [8],[9].It should be noted, however that in Newman-
Janis procedure there is a certain arbitrariness and an element of guess.
The GGHS dilaton black hole solution may be written in different coordinates
and there is no pure physical reasons which of them are more appropriate for
our purpose. It seems to be natural to expect that the desirable coordinates in
which the GGHS solution should be written are these obtained by generating the
GGHS solution directly from Schwarzschild solution. The generating the GGHS
solution from Schwarzschild’s one has been already done in [10].Here we give the
final result
ds2 =
(
1− r1
r
1 + r2
r
)
dt2 −
(
1− r1
r
1 + r2
r
)−1
dr2 − r2
(
1 +
r2
r
) (
dθ2 + sin2(θ)dφ2
)
(2)
e2ϕ =
1
1 + r2
r
Φ = −
Q
r
1 + r2
r
where ϕ is the dilaton and Φ is the electric potential. The parameters r1 and r2
are given by
r1 + r2 = 2M
and
r2 =
Q2
M
whereM and Q are the mass and the charge of the dilaton black hole.
Following Newman and Janis (see also [8] and [9]) the first step is to write
the metric (2) in advanced Eddington-Finkelstein coordinates.Performing the co-
ordinate transformation
dt = du+
(
1− r1
r
1 + r2
r
)−1
dr (3)
we obtain
ds2 =
(
1− r1
r
1 + r2
r
)
du2 + 2dudr − r2
(
1 +
r2
r
)
dΩ2 (4)
This metric may be presented in terms of its null tetrad vectors
gµν = lµnν + lνnµ −mµm¯ν −mνm¯µ (5)
2
where
lµ = δµ1 (6)
nµ = δµ0 −
1
2
(
1− r1
r
1 + r2
r
)
δ
µ
1
mµ =
1√
2r
√
1 + r2
r
(
δ
µ
2 +
i
sin(θ)
δ
µ
3
)
Let’s now the radial coordinate r allowed to take the complex values, as keeping
the null vectors lµ and nµ real and m¯µ complex conjugated tomµ. Then the tetrad
takes the form
lµ = δµ1 (7)
nµ = δµ0 −
1
2

1− r12
(
1
r
+ 1
r¯
)
1 + r2
2
(
1
r
+ 1
r¯
)

 δµ1
mµ =
1
√
2r¯
√
1 + r2
2
(
1
r
+ 1
r¯
)
(
δ
µ
2 +
i
sin(θ)
δ
µ
3
)
The next step is to perform formally the complex coordinate transformation
r′ = r + ia cos(θ) θ′ = θ (8)
u′ = u− ia cos θ φ′ = φ
By keeping r′ and u′ real we obtain the following tetrad
l′
µ
= δµ1 (9)
n′
µ
= δµ0 −
1
2
(
1− r1r′
Σ
1 + r2r
′
Σ
)
δ
µ
1
m′
µ
=
1√
2(r′ + ia cos(θ))
1√
1 + r2r
′
Σ
(
ia cos(θ)(δµ0 − δµ1 ) + δµ2 +
i
sin(θ)
δ
µ
3
)
where Σ = r′2 + a2 cos2(θ).
The metric formed by this tetrad is (dropping the primes)
gµν =


−a2 sin2(θ)
Σ˜
1 + a
2 sin2(θ)
Σ˜
0 − a
Σ˜
∗ −e2U(r,θ) − a2 sin2(θ)
Σ˜
0 a
Σ˜
∗ ∗ − 1
Σ˜
0
∗ ∗ ∗ − 1
Σ˜

 (10)
where we have put
e2U(r,θ) =
(
1− r1r
Σ
1 + r2r
Σ
)
(11)
3
and
Σ˜ =
(
1 +
r2r
Σ
)
Σ = r(r + r2) + a
2 cos2(θ) (12)
The corresponding covariant metric is
gµν =


e2U(r,θ) 1 0 a sin2(θ)
(
1− e2U(r,θ)
)
∗ 0 0 −a sin2(θ)
∗ ∗ −Σ˜ 0
∗ ∗ ∗ −sin2(θ)
(
Σ˜ + a2 sin2(θ)
(
2− e2U(r,θ)
))

 (13)
A further simplification is made by the following coordinate transformation
du = dt′ − ∆2
∆
dr dφ = dφ′ − a
∆
dr (14)
where ∆ = r(r−r1)+a2 and ∆2 = r(r+r2)+a2. This transformation leaves only
one off-diagonal element and the metric takes the form (dropping the primes on
t and φ)
gµνdx
µdxν = e2U(r,θ)dt2 − Σ˜
e2U(r,θ)Σ˜ + a2 sin2(θ)
dr2 − Σ˜dθ2 + (15)
2a sin2(θ)
(
1− e2U(r,θ)
)
dtdφ− sin2(θ)
(
Σ˜ + a2 sin2(θ)
(
2− e2U(r,θ)
))
dφ2
Taking into account that r1 + r2 = 2M we obtain
ds2 = gµνdx
µdxν =
(
1− 2Mr
Σ˜
)
dt2 − Σ˜
(
dr2
∆
+ dθ2
)
+ (16)
4Mra sin2(θ)
Σ˜
dtdφ−
(
r(r + r2) + a
2 +
2Mra2 sin2(θ)
Σ˜
)
sin2(θ)dφ2
where e2U(r,θ)Σ˜ + a2 sin2(θ) = r(r − r1) + a2 = ∆.
This is the rotating dilaton-axion black hole metric [5].The other quantities
are given by
A = −Qr
Σ˜
(
dt− a sin2(θ)dφ
)
(17)
e2ϕ =
1
1 + r2r
Σ
=
Σ
Σ˜
=
r2 + a2 cos2(θ)
r(r + Q
2
M
) + a2 cos2(θ)
Θ =
Q2
M
a cos(θ)
Σ
=
Q2
M
a cos(θ)
r2 + a2 cos2(θ)
It’s useful to present the metric (16) in the form
ds2 = e2U(dt+ ωidx
i)− e−2Uhijdxidxj (18)
4
After a few algebra we find
ds2 = e2U(r,θ)
(
dt+
2Mar sin2(θ)
Σ˜1
dφ
)2
− (19)
e−2U(r,θ)
(
Σ˜1
(
dr2
∆
+ dθ2
)
+∆sin2(θ)dφ2
)
where
Σ˜1 = Σ˜− 2M = r(r − r1) + a2 cos2(θ) (20)
e2U(r,θ) = 1− 2Mr
Σ˜
=
1
1− 2Mr
Σ˜1
.
It should be expected that using the Newamn-Janis method we will able to gener-
ate stationary axisymmetric solutions starting with static spherically symmetric
solutions different from the GGHS solution.For example, using as seed solutions
the three classes two-parametric families of solutions presented in [10], it should
be expected that we will obtain the corresponding rotating naked singularities in
Einstein-Maxwell-dilaton-axion gravity.
There are some questions which arise.As we have seen the Newman-Janis
method generates the rotating solution of Einstein-Maxwell-dilaton-axion start-
ing with GGHS solution in proper coordinates.GGHS solution, however, is also
a solution to the truncated theory without axion field (i.e. Einstein-Maxwell-
dilaton gravity).Why the Newman-Janis method does not generate the rotating
solution to truncated model instead to the full model? In our opinion the cause is
probably that the full theory in the presence of two commuting Killing’s vectors
possesses larger nontrivial symmetry group than the truncated model.
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